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Abstrat
We present general analyti expressions for GRB afterglow light urves arising from
a variable external density prole and/or a variable energy in the blast wave. The
former ould arise from a lumpy ISM or a variable stellar wind; The latter ould
arise from refreshed shoks or from an angular dependent jet struture (pathy
shell). Both senarios would lead to a variable light urve. Our formalism enables
us to invert the observed light urve and obtain possible density or energy proles.
The optial afterglow of GRB 021004 was deteted 537 seonds AB (after the burst)
(Fox et al. 2002). Extensive follow up observations revealed a signiant temporal
variability. We apply our formalism to the R-band light urve of GRB 021004 and
we nd that several models provide a good t to the data. We onsider the pathy
shell model with p = 2.2 as the most likely explanation. Aording to this model
our line of sight was towards a old spot" that has lead to a relativity low γ-ray
ux and an initially weak afterglow (while the X-ray afterglow ux after a day was
above average). Observations above the ooling frequeny, νc, ould provide the best
way to distinguish between our dierent models.
Key words: Gamma-Ray Bursts
PACS: 98.70Rz
1 Introdution
The behavior of gamma-ray burst (GRB) afterglows is well known for a spher-
ial shell propagating into a onstant density inter-stellar medium (ISM) or
into a irum-burst wind with a regularly dereasing density. Sari, Piran &
Narayan (1998, hereafter SPN98) have presented a simple analyti model for
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the ISM ase, assuming synhrotron emission from an adiabati relativisti
blast wave. Chevalier & Li (1999) generalized this model for a irum-burst
wind density prole. In both ases the ux shows a spetral and temporal seg-
mented power law behavior, Fν ∝ t
ανβ . The indies α and β hange when a
spetral break frequeny (the ooling frequeny, νc, the synhrotron frequeny,
νm, or the self absorption frequeny, νsa) passes through the observed band.
The values of the spetral and temporal indies depends on the ooling regime
(fast or slow) and on the ordering of ν relative to νsa, νc and νm. Most GRB
afterglows display a smooth power law deay.
In several ases the observed afterglow light urves have shown deviations
from a smooth power law. The most prominent ase is the reent GRB 021004
whose optial ounterpart was observed at a very early time, 537 se after
the trigger (Fox et al. 2002). Following observations at short intervals showed
utuations around a power law deay. We develop here the general theory
for GRB afterglows when the relativisti blast wave enounters a variable
external density or its energy (per unit solid angle) varies with time. Suh
variations in energy ould arise due to refreshed shoks, when initially slower
moving matter enounter the blast waves after it has slowed down (Kumar &
Piran, 2000a), or due to angular variability within the relativisti jet (Kumar
& Piran, 2000b). Both variation in the density or in the energy an reprodue
a variable light urve and in partiular the observed R-band light urve of
GRB 021004. However, as we argue latter, there are some weak indiations
that a variable energy model that arises from a pathy shell struture (random
angular utuations in the jet) seems to give the best t to all the available
data. If orret this interpretation implies that the eletron power law index
is p ≈ 2.2, a suggestion that might be onrmed with a more detailed multi-
wavelength spetrum.
2 Theory
We generalize the results of SPN98 to a time dependent energy and a spa-
tially varying external density. We rst outline the general model and then
investigate two spei ases. Following SPN98 we assume that the dominant
radiation proess is synhrotron emission. In our model, the mass in the blast-
wave at radius R is taken to be the integrated external mass up to this radius,
and we assume that all this mass is radiating. The internal energy density
of the emitting matter at radius R is taken from the shok jump onditions,
whih depend only on γ(R) and n(R). These approximations are valid as long
as the external density and the energy in the blast-wave do not vary too
rapidly. For example a large density jump an produe a reverse shok while
a sharp density drop may initiate a rarefation wave. The auray of this
model dereases as the variations in the density and the energy beome more
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rapid.
A few hundred seonds after the GRB the relativisti ejeta deelerates, driv-
ing a strong relativisti shok into the ambient medium. As radiative losses
beome negligible the ow settles into the adiabati self-similar Blandford-
MKee (1976) blast wave solution. Energy onversion takes plae within the
shok that propagates into the external medium. The energy equation reads:
E(t) = Aγ2[R(t)]M [R(t)]c2 , (1)
where E is the isotropi equivalent energy and A is a onstant of order unity
whose exat value depends on the density prole behind the shok (e.g. for
an external density n(r) ∝ r−k, A = 4(3− k)/(17− 4k); Blandford & MKee
1976). In the following we use A = 1. In equation (1), M(R) is the mass of
the blast-wave, i.e. the integrated external mass up to a radius R,
M(R) ≡ 4π
R∫
0
n(r)r2dr . (2)
The observed time, t, is related to R and γ through two eets. First, the
observed time of a photon emitted on the line of sight at a radius R is tlos =
(1/4c)
∫R
0 γ
−2dr. Seond, photons emitted at dierent angles at the same radius
R are observed during an interval of ∼ R/2cγ2. Following SPN98 we estimate
the observed time interval during whih most of the emission emitted at radius
R is reeived as tang ≈ R/4cγ
2
. Therefore:
t =
1
4c

R
γ2
+
R∫
0
dr
γ2

 , (3)
For a onstant density ISM tang = 4tlos and t = 5R/16cγ
2 ≈ R/4γ2c. Of
ourse, this treatment of the angular eets is only approximate
4
. In most
ases angular spreading will smooth out any variability on time sales shorter
than R/4cγ2.
We further assume that the eletron energy distribution is a power law with an
index p, and that the magneti eld and the eletrons hold frations ǫB and ǫe,
respetively, of the internal energy. Now, taking νm(γ, n, ǫB, ǫe), νc(γ, n, ǫB, t)
and Fν,max(M, γ, n, ǫB) from SPN98 and the equations above we obtain:
νm = 5 · 10
12E252M
−2
29 n
1/2
0 ǫ
1/2
B
−2
ǫ2e
−1
Hz , (4)
4
See the Appendix for an extended disussion of the angular smoothing eet and
Nakar & Piran (2003) for a solution that takes a full aount of this eet
3
νc = 3 · 10
14E−252 M
2
29n
−3/2
0 t
−2
d ǫ
−3/2
B
−2
Hz , (5)
Fν,max = 7E52n
1/2
0 ǫ
1/2
B
−2
D−228 mJy , (6)
where Qx denotes the value of the quantity Q in units of 10
x
(.g.s), td is the
observed time in days, D is the distane to the GRB, and for simpliity we do
not inlude osmologial eets throughout the paper. The above equations
readily provide expressions for the ux density at dierent frequenies
Fν ∝


ν(1−p)/2EpM1−pn(1+p)/4ǫ
(1+p)/4
B ǫ
(p−1)
e νm < ν < νc
ν−p/2Ep−1M2−pn(p−2)/4t−1ǫ
(p−2)/4
B ǫ
(p−1)
e νc < ν
. (7)
We onentrate on the above two power law segments, sine they are usually
expeted to be the most relevant for the optial light urve. Similar expressions
for other power law segments of the spetrum may be derived similarly.
These are the generi expressions for a varying energy and a varying external
density prole. In addition to the expliit dependene on t in Eq. 7 there is
an impliit dependene through E(t), M [R(t)] and n[R(t)]. For an ISM or
wind, M [R(t)] and n[R(t)] have simple analyti forms and Eq. 7 redues to
the expressions of SPN98 and Chevalier & Li (1999).
For p ≈ 2, Fν>νc is only weakly dependent on M and n, while the dependene
on E is roughly linear (note that Fν depends on E also impliitly through R
that appears in M(R)). This feature enables us to distinguish between energy
dominated utuations and density dominated utuations in the afterglow
light urve, when there are measurements both above and below the ooling
frequeny, νc.
In reality, it is unlikely that both variations (in E and in n) will be important
in a given burst (sine this would require a oinidene). Therefore, we shall
onsider below, in some detail, the ases where one of these quantities is on-
stant while the other one varies. Moreover, the information in a single band
light urve (or more aurately, from a single power law segment of the spe-
trum) is insuient to determine both proles. For any given set of density
and energy proles the light urve an be easily alulated. However, these
proles are not at hand. The observable is the light urve and these proles
are unknown variables. It is neessary to make some assumption for one of
the proles in order to dedue the other (for example, to assume a onstant
energy or a onstant density).
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2.1 A Variable External Density
Consider, rst, the ase where the dominant variations are in the density
prole while the energy is onstant. Eqs. 2, 3 and 7 redue to:
Fν ∝


M1−pn(1+p)/4 νm < ν < νc
M2−pn(p−2)/4t−1 νc < ν
, (8)
t =
c
4E

MR +
R∫
0
Mdr

 , (9)
M = 4πmp
R∫
0
r2n(r)dr . (10)
For a given Fν(t) we solve Eqs. 8-10 for R(t), n[R(t)] and M [R(t)] with p as a
free parameter. The integral dependene of M [n(r)] in Eqs. 9 and 10 makes it
diult to invert these equations analytially for an arbitrary density prole
(an exat numerial solution is always possible). However, an approximate
analyti solution an be obtained if the density prole varies slowly (note that
as disussed earlier, when the density varies rapidly our whole approah is less
aurate).
As M grows monotonially with R, tang is always larger than tlos and we an
approximate t ≈ tang. Taking the time derivative of Eq. 8 for νm < ν < νc and
using Eq. 10 we obtain:
d lnFν
d ln t
= δm +
(1 + p)
4
d lnn
d ln t
for νm < ν < νc , (11)
where δm ≡ (1 − p)/[1 + n/(3n)] and n(R) = M/(4/3)πmpR
3
is the average
initial density inside a sphere of radius R. If δm varies slowly with time we
derive:
Fν = F0(t/t0)
δm (n/n0)
(1+p)/4 for νm < ν < νc , (12)
where F0 and n0 are the ux and density at some given time t0. As long as
n > n, δm depends weakly on n/n and its value varies between 1 − p and
0.75(1− p). When n≪ n, δm → 0 and Fν depends on t only impliitly via n.
A similar derivation for νc < ν results in:
Fν = F0(t/t0)
δc (n/n0)
(p−2)/4 for νc < ν , (13)
5
where δc = (2−p)/[1+(1/3)n/n]−1. The expliit dependene on n is negligible,
n(p−2)/4, and the variations in n/n yield 1− p < δc < −1. The variations in δc
ould be measured if p is large and n≫ n. However, in this limit the density
hanges very rapidly, so that our formalism may not hold. Both Eqs. 12 and
13 ontain the wind solution (with 3n = n and n ∝ R−2 ∝ t−1) and the ISM
solution (with n = n ).
2.2 A Varying Energy
Consider now the afterglow when the energy in the emitting region varies
with time but the density prole is regular. In the ISM ase Eqs. 7 and 3 are
redued to:
Fν ∝


EpR3(p−1) νm < ν < νc
Ep−1R3(2−p)t−1 νc < ν
(ISM) , (14)
t =
πnmpc
3

R4
E
+
R∫
0
r3
E
dr

 . (15)
In the wind ase ( n = AwR
−2
) these equations beome:
Fν ∝


EpR(1−3p)/2 νm < ν < νc
Ep−1R1.5(2−p)t−1 νc < ν
(wind) , (16)
t = πAwmpc

R2
E
+
R∫
0
r
E
dr

 . (17)
Again, these equations an be solved numerially for a given Fν(t). Note that
in this ase the ondition tang > tlos does not always hold. A sharp inrease in
E would derease tang without aeting tlos. However, if the energy prole is
not too steep, the ondition tang > tlos does hold, and we an approximate t
by tang. In this ase, Eqs. 14 and 16 redue to the well known ISM and wind
equations for a onstant energy, where E is replaed by E(t).
Two dierent phenomena ould ause energy variations in the emitting region:
refreshed shoks and initial energy inhomogeneities in the jet. Refreshed shoks
(Kumar & Piran 2000a) are produed by massive and slow shells, ejeted late
in the GRB, that take over the blast-wave at late times, when the blast-
wave has deelerated. These shells bring new energy into the blast-wave. The
ollision produes a refreshed forward shok propagating into the blast-wave
6
and a reverse shok propagating into the slower shell. After these shoks ross
the shells the blast-wave relaxes bak to a Blandford & MKee (1976) self-
similar solution with a larger total energy (Sine the mass of the blast wave
is dominated by the swept irum-burst material, we neglet the mass of the
inner shell). At this stage the observed ux is similar to the one emitted
by a onstant energy blast wave with the new and larger energy. Refreshed
shoks an only inrease the energy. Therefore a refreshed shoks energy prole
should grow monotonially with time, most likely in a step wise prole (eah
step orresponds to the arrival of a new shell).
Initial energy inhomogeneities (the pathy shell model of Kumar & Piran
2000b) in the jet ould be either regular or irregular ones. During the jet evo-
lution regions within the relativisti ow with an angular separation larger
than γ−1 are asually disonneted. Therefore, the inhomogeneities ould be
smoothed only up to an angular sale of γ−1. As γ derease the ausal on-
neted regions grow and the initial inhomogeneities an be smoothed on an-
gular sale of γ−1. Reent numerial hydrodynamial studies (Kumar & Gra-
not 2002) show that at early times the initial utuations remain almost un-
hanged, and are smoothed only at rather late times. Additionally, due to
relativisti beaming, an observer an see only regions within an angle of γ−1
around the line of sight. However, regardless of the degree of hydrodynami-
al smoothing of the initial utuations, when ombined with the relativisti
beaming, the two eet ause Fν(t) to reet the initial physial onditions
within a solid angle of ∼ γ−2(t). As a onsequene, the average energy in
the observed area varies with γ and therefore with t. This behavior an be
approximated by the solution presented above, where E(t) is the averaged
initial isotropi equivalent energy within a solid angle of γ−2, E¯(t).
In the pathy shell senario, utuations would appear in the energy pro-
le when γ−1 inreases to the typial angular size, θfl, of the initial inhomo-
geneities. When γ−1 ∼ θfl the nearest neighboring utuations begin to be
observed, and the amplitude of the utuations in E¯ (and orrespondingly in
Fν) are largest, of the order of the amplitude of the individual utuations,
Afl. As γ dereases below θ
−1
fl , the observed number of utuations beomes
large, Nfl ∼ (γθfl)
−2
, and the amplitude of the utuations in E¯ dereases to
∼ AflN
−1/2
fl ∼ Aflγθfl ∝ γ. For ν > min(νm, νc), Fν has a lose to linear depen-
dene on E(t) ≈ E¯(t), so that the amplitude of the utuations in Fν should
be similar to those in E¯, with only minor dierenes between the dierent
power law segments of the spetrum.
A single bump in the light urve an be seen for an axially symmetri stru-
tured jet, by an observer at an angle θobs from the jet symmetry axis, at the
time when γ−1 ≈ θobs. At this time the brighter portion of the jet, near its
symmetry axis where the energy per unit solid angle is largest, beomes visible
to an observer at angle θobs. Additional bumps are more diult to produe.
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3 The Light Curve of GRB 021004
GRB 021004 is a faint long burst deteted by Hete-2 Fregate instrument.
The burst redshift is z=2.232 (Chornok & Filippenko, 2002) and its isotropi
equivalent energy is 6 · 1052ergs (Lamb et al. 2002 and Malesani et al. 2002).
An optial ounterpart was rst observed 537 se AB (after the burst) (Fox
et al. 2002) at an R magnitude of 15.5. After a short power law deay, at
t ∼ 2000 se, a lear bump (about 1.5 mag above the power law deay) is
observed. >From this time on, frequent observations showed a utuating
light urve (possibly above and below a power law deay). The inset of Fig.
1 shows the R-band light urve up to 5 days after the trigger. Observations
after 6 days show a steepening of the light urve whih may be interpreted
as a jet break (Malesani et al. 2002). A break at this time implies a total
energy (after beaming orretions) of
5 3 · 1050 ergs. Chandra observed the X-
ray ounterpart of GRB 021004 at 20.5 hr AB for a duration of 87 ks (Sako &
Harrison 2002). The orresponding mean 2 - 10 keV X-ray ux in the observer
frame is 4.3 · 10−13 erg cm−2 sec−1. The X-ray observations showed a power
law deay index of −1 ± 0.2 and a photon index of 2.1 ± 0.1 whih imply an
eletron index p = 2.2± 0.2.
We use the two models desribed above to nd a varying density prole or a
varying energy prole that reprodue the light urve of GRB 021004. We t
the R-band light urve that has the most detailed data. Unfortunately, the
data in the other bands is not detailed enough and the eet of reddening
is unknown so a multi wavelength t is impossible at this stage. We assume
that the R band is above the synhrotron frequeny, νm, and below the ooling
frequeny, νc. This assumption is marginal at the time of the rst bump (Both
the transition from fast to slow ooling and the passage of νm through the
optial bands our approximately at this time). However, this assumption is
ertainly valid during the later utuations of the light urve
6
. It has been
suggested that νc passes through the optial at t ∼ 1−3 days (Matheson et al.
2002). In this ase, we expet the utuations in the light urve to derease
dramatially at t > 3 days, if they are due to utuations in the external
density. We disuss only variability above a onstant ISM density prole. As
we show latter, a reasonable t with a bakground wind prole requires an
eletrons' index p < 2 (for either variable density or variable energy), whih
we onsider to be a not very physial value.
5
This value is obtained using a redshift of 2.323 and isotropi equivalent energy of
6 · 1052 ergs. The rest of the parameters are similar to those of Frail et. al. 2001.
6
It is possible that the origin of the rst bump is dierent from the later utuations
(e.g. a passage of νm through the R band ombined with the emission from the reverse
shok, Kobayashi & Zhang 2002), but following Oam's razor we are looking for a
single explanation to the whole light urve.
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3.1 A Variable Density Prole
Lazzati et al. (2002) suggest that the utuations seen in the R-band light
urve arise from variations in the external density prole. They alulate nu-
merially the resulting light urve for a given density prole, assuming p = 2,
and show that it agrees with the observations. We invert the observed R-band
light urve, both analytially and numerially, and derive several possible den-
sity proles for dierent values of p.
We begin the t at the rst observation, t0 = 537 se after the trigger, and
dene n0 andR0 as the values at this time. For simpliity, we assume a onstant
density up to R0 [so that n(R < R0) = n0℄. With this assumption the ratios
R/R0 and n/n0 do not depends on the values of R0 and n0. Figure 1 depits
the density prole for a few values of the eletron power law index, p. The thik
lines show the exat numerial solution of Eqs. 8-10, while the thin lines show
the analyti solution of Eq. 12 (In this solution the value of δm is realulated
every time step). In order to reprodue the light urve with p ≥ 2.4, the density
prole must inrease with R almost monotonously. Suh a density prole does
not look feasible. For p = 2.2 the density inreases by an order of magnitude
at R ≈ 1.5R0 ∼ 3×10
17 cm and remains roughly onstant at larger radii. This
is onsistent with the termination shok of a stellar wind that interats with
the ambient medium (Wijers 2001), provided that the latter has a very high
density of ∼ 104−5 cm−3 in order for the radius of the wind termination shok
to agree with the afterglow shok radius inferred from the time of the rst
bump. When p = 2 the density prole rises by almost an order of magnitude
and then dereases, more gradually, bak to its initial value. The initial rise
agrees with the one suggested by Lazzati et al. (2002), however, Lazzati et al.
suggest a onsequent derease in the density to a fator of 5 below the initial
density value followed by a seond and smaller density bump, where aording
to our results suh a large dip in the density is not required. The dierene
between the proles arises mainly due to the dierent approximation used for
the angular smoothing eet (see the Appendix).
So far, we have assumed a spherially symmetri external density prole, n =
n(r). This may our due to a variable stellar wind, but is not expeted for
an ISM. As we obtain that an underlying onstant density prole provides a
better t for GRB 0210004, it is more natural to expet density utuations
in the form of lumps, rather than being spherially symmetri, in this ase.
This interpretation requires p ≈ 2 for whih the density at large radii dereases
bak to its value at R0. As the density prole for p = 2 is not smooth, several
density lumps are needed. The rst lump should be at R1 ≈ 1.5R0 and
with an over-density of fator ∼ 8. In order to have a similar eet as a
spherial density bump, the lump must replae all the emitting material,
i.e. its size (radius), lcl, must be large enough so that its mass is larger than
9
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Fig. 1. The external density proles, n(R), that reprodue the R-band light urve,
for dierent values of eletrons' index, p: p = 2.4 (dashed-doted), p = 2.2 (dashed
line) and p = 2 (solid line). The thik lines are the exat numeri solution of Eqs.
8-10. The thin lines are the analyti solution of Eq. 12. The thin dotted line depits
the expeted amplitude of the density utuations, ∆n(R) ∝ R−5/2, for a random
distribution of lumps inside a uniform density bakground, n0. The normalization is
derived assuming that the rst bump is due to a single lump. The inset on the right
depits the R-band observed data points and the tted light urve. The observed
R-band data points are taken from: Fox 2002, Uemura et. al. 2002, Oksanen & Aho
2002, Rhoads et. al. 2002, Winn et. al. 2002, Zharikov et. al. 2002, Halpern et.al.
2002a & 2002b, Balman et. al. 2002, Cool & Shaefer 2002, Holland et. al. 2002a &
2002b, Bersier et. al. 2002, Sahu et. al. 2002, Oksanen et. al. 2003, Matsumoto et.al.
2002, Stanek et. al. 2002, Mirabel et. al. 2002, Masseti et. al. 2002, Barsukova et. al.
2002 , Malesani et. al. 2002, Mirabel et. al. 2002.
the swept up mass at that radius within an angle of γ−1 around the line of
sight: lcl > lmin = (n0/ncl4γ
2)1/3R1 ≈ 0.03R1 ≈ 10
16
m. An upper limit on
the size of the lump an be put from the fat that the bump in the light
urve deays on a time sale ∆t ∼ t. Sine R ∝ t1/4 for an ISM, this implies
lcl < lmax = (2
1/4 − 1)R1 ≈ 0.19R1 (Lazzati et al. (2002) obtain a similar
lump size using dierent onsiderations).
Assuming a homogeneous distribution of lumps with the same physial size
and over-density, the mean distane between neighboring lumps is dcl ∼
(πl2clR1)
1/3 ≈ 4−5×1016 m, where the numerial estimate assumes lcl = lmin,
in whih ase the lumps hold roughly 5% of the volume and 30% of the mass
(these are lower limits as lcl > lmin would imply larger lling fators). There-
fore, soon after the ollision with the rst lump we expet overlap between
pulses from dierent lumps, where the number of lumps that interset a
given shell with a radius R and angular size 1/γ is Ncl ∼ R
2lcl/γ
2d3cl ∝ R
5
.
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Sine, on average, the lumps hold a onstant fration of the shell's mass, a
single lump onstitute a fration ∝ R−5 of the matter at this radius. The to-
tal utuation in the density would be, therefore, ∝ R−5/2. This is in a rough
agreement with the utuations in the density prole we have obtained for
p=2 (see Fig 1).
3.2 A Variable Energy Prole
We solve Eqs. 14 and 15 numerially, for a onstant ISM density prole, as-
suming that the energy is onstant, E0, up to the rst observation at t0, and
letting E vary from this point onwards. Figure 2 depits the energy prole
obtained for dierent values of p as a funtion of θ = 1/γ (the angular size
of the observed area). An eletron power law index of p = 2.6, requires an
almost monotonous inrease of E in the observed region. Suh a prole may
arise due to refreshed shoks. However, the ontinues inrease in E requires a
ontinuous arrival of new shells, a senario whih we onsider as unlikely. The
energy proles obtained for p = 2.2 and p = 2.4 ould reet irregular pathes
with an initial angular size of θfl ≈ 0.02 rad and an average energy of sev-
eral times E0. The energy utuations derease with time, as expeted from a
pathy shell (see Figure 2). The prole obtained for p = 2 shows an initial rise
followed by a gradual (and bumpy) derease bak to the initial value. Suh a
prole an orrespond to a line of sight is ∼ 0.04 rad away from a hot spot
(the average energy over a large area is E0). This hot spot may be a hot path
in an irregular jet. Alternatively, as suggested by Lazzati et al. (2002), this
hot spot may be the ore of a jet (on the jet axis) in an axisymmetri angle
dependent regular jet
7
. Aording to this interpretation the angular size of
the jet's ore is θc ∼ 0.02 rad, the isotropi equivalent energy outside the ore
is roughly onstant and its value is ∼ 3 times less than the ore's energy.
4 Disussion
We have presented general expressions for the afterglow light urve when the
energy in the blast wave varies with time and for a variable external density
prole. This formalism follows and generalizes the work of SPN98, and relates
the variability in the energy and density to the variability in the light urve.
Despite the variability in the light urve, the shape of the broad band spetrum
7
Though the wiggles in E(θ) require some additional small amplitude variability
on small angular sales on top of an underlying smooth axisymmetri jet prole on
large angular sales.
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Fig. 2. The isotropi equivalent energy, E, within an angle θ = 1/γ around the line
of sight as a funtion of θ, for dierent values of p: p = 2 (solid line), p = 2.2 (dashed
line), p = 2.4 (dashed-dotted line) and p = 2.6 (bold dotted line). The urves are
normalized by the value at the rst observation, E0. The thin dotted lines outline the
expeted utuations in E for a pathy shell model with utuations on an angular
sale θfl = 0.02 (using E = 2.4E0 ± 1.9E0(θfl/θ)). The inset on the left depits the
observed data points as a funtion of θ and the tted urve.
remains the same, with some variability in the values of the break frequenies
and ux normalization.
We have foused on the slow ooling spetrum at frequenies ν > νm, and
derived detailed equations for these ases, as they seem the most relevant for
the majority of observed optial light urves. Similar equations an be easily
derived for other spetral regimes using Eqs. 4-6. We nd that for νm < ν < νc,
variability in the light urve an be indued both by variability in the energy or
by variability in the external density (or both). A similar behavior is expeted
for ν < min(νm, νc), for both slow and fast ooling. For ν > max(νm, νc) we
nd that a variable density hardly indues any utuations in the light urve,
while a variable energy an indue signiant utuations. We expet a similar
behavior for νc < ν, in the fast ooling regime.
We applied our formalism to GRB 021004, whih displayed signiant devia-
tions from a simple power law deay in its optial (R-band) light urve. We nd
that several dierent models may provide a reasonable t to the observed light
urve. These inlude models where the variability is indued either by density
utuations or by energy utuations, where the latter may be aused either
by refreshed shoks or by a pathy angular struture of the GRB outow.
These models vary signiantly with the value of p. Chandra's observations
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Fig. 3. The expeted light urve Fν(t)/Fν,0 for ν > νc where Fν,0 is the observed ux
at t0 = 537 se. The expeted light urves are alulated using (i) the energy prole
that reprodues the R-band light urve for p = 2 (solid line) and (ii) the density
prole that reprodue the R-band light urve for p = 2 (dashed line). The short thik
line represents Chnadra's X-ray measurement, normalized for the expeted ux at
20.5 hr in the varying energy light urve (a power law deay with index −1 from
20.5 hr till 44 hr after the trigger).
onstrain the eletron's index to be p = 2.2 ± 0.2, but even under this on-
strain many dierent models an produe the observed light urve. A tighter
onstrain would limit the models onsiderably. The following models provide
a viable t to the light urve: I) A variable density: a) For p = 2.2 there is an
order of magnitude rise in the density followed by a roughly onstant density;
b) For p = 2 we nd a similar rise, but then the density gradually dereases
bak to its initial value; II) A variable energy: a) For p = 2.6 refreshed shoks
are required in order to explain the energy prole; b) For p ≈ 2.2 − 2.4 a
pathy shell model provides a good t; ) For p = 2 a hot spot (possibly the
ore of an axisymmetri jet) should reside near our line of sight.
As any given single band light urve (whih does not show a strong variability
on time sales ∆t ≪ t) an be reprodued by either density or energy varia-
tions, it is important to nd ways to distinguish between these two models and
their variants. An independently determined value of p, say from the spetrum,
would have made this task easier (but still not ompletely determined). Simul-
taneous light urves both above and below the ooling frequeny, νc, provide
the best way to dierentiate between a variable energy and a variable density:
for the latter strong variability is possible only below νc. Figure 3 depits the
light urves that are predited above νc, using the energy or density proles
dedued from the R-band light urve, that is assumed to be below νc. Chan-
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dra obtained an X-ray light urve between 1 and 2 days (Sako et al. 2002, the
thik lines in Figure 3). Unfortunately, by this time the utuations expeted
in the X-ray light urve aording to the two models are rather similar and
it is hard to distinguish between them. Still, it would be interesting to searh
for a orrelation between the R-band light urve and the X-ray light urve at
this time. An earlier X-ray observation ould have enabled a lear distintion
between the two models.
A variable energy model ould arise either from refreshed shoks or from angu-
lar inhomogeneity in the jet. In the refreshed soks senario, we expet during
the ollision between the two shells an inrease in the spetral slope β (dened
by Fν ∝ ν
β
) and a strong signal in the radio, (Kumar & Piran 2000a). This
emission should last over ∆t ∼ t. A refreshed shoks an only add energy to
the blast wave the total energy in this piture an only inrease with time.
In the pathy shell model we expet random utuations whose amplitude
deays with time as 1/γ (see Fig. 2).
Although the urrent observations do not enable us to determine whih one
of the senarios desribed above is the orret one (if any), we feel that the
pathy shell model with p = 2.2 (whih agrees with the p = 2.2 ± 0.2 value
suggested by Chandra's observations) is the most likely senario. Aording to
this interpretation the line of sight of GRB 021004 falls in a old spot" where
the energy is 2.5 times below the average. This agrees with the observation of
rather low γ-ray ux from this burst. The total γ-ray energy, Eγ = 3 ·10
50
ergs
is within the standard deviation of the energy distribution presented by Frail
et. al (2001), but it is 1.5 times smaller than the average value. On the other
hand an extrapolation of Chandra's measured X-ray ux (Sako et al. 2002)
to 11 hr after the burst yields Fx ≈ 9 · 10
−13 ergs cm−2 sec−1. This value
is 1.5 times larger than the narrowly lustered value of Fx in other bursts:
6 · 10−13 ergs cm−2 sec−1 (Piran et. al. 2001). The X-ray ux reets Ek, the
kineti energy of the relativisti ejeta (averaged over an angular sale 1/γ
orresponding to γ ∼ 10). Hene, in this burst Ek/Eγ is larger by a fator of
2.25 than the average value. This fator is similar to the energy utuations
we nd in the pathy shell model for p = 2.2 (see Fig. 2). While in most GRBs
that show a larger value of Ek/Eγ we, most likely, observe a γ-rays hot spot
(Piran 2001). Aording to this interpretation GRB 021004 is the rst burst
in whih a lear γ-ray old spot has been seen.
JG thanks the Hebrew University for hospitality while this researh was done.
This work was partially supported by the Horwitz foundation (EN) and by
the Institute for Advaned Study, funds for natural sienes (JG).
Appendix
Beause of the urvature of the afterglow shok, that is spherial rather than
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planar, photons that are emitted from the shok front at the same time in
the soure rest frame (i.e. at the same radius), but at dierent angles from
the line of sight, reah the observer at dierent times. This auses two main
eets: rst, the bulk of the energy that is emitted at a given time at the
soure is delayed ompared to a photon emitted on the line of sight at that
time, and seond, at any given time the observer reeives photons that were
emitted at dierent radii. In our analysis we take the rst eet (angular time
delay) into aount (see Eq. 3), but the seond eet (angular smoothing) is
negleted (see Nakar & Piran 2003 for a solution of the spherial symmetri
afterglow light urve that takes a full aount of the angular eets). For
spherial shells, the angular smoothing produes an observed light urve whih
is a smoothed version of the line of sight emission. The relative importane of
angular smoothing is determined by the ratio tlos/tang, where tlos =
1
4c
∫ R
0 dr/γ
2
and tang ≈ R/4cγ
2
. When the external density deays as a power law, n ∝ r−k,
the line of sight time is: tlos = R/4(4− k)cγ
2
. Most of the ontribution to the
observed ux at a time tobs, omes from emission at radii 4 . R/ctobsγ
2(R) ≤
4(4−k), whih orrespond to tlos ≤ tobs . tang. Hene, this eet is important
when the light urve from the line of sight varies signiantly (ompared to
the smooth power law deay) on time sales shorter than tang (i.e. ∆tlos/tlos <
tang/tlos ∼ 4), whih orresponds to density variations on ∆R/R . 0.4. In
suh a ase the observed light urve is signiantly less variable than the line
of sight light urve.
We alulate the density prole assuming that the observed (smoothed) light
urve is similar to that from the line of sight. Thus, the real density prole
has to be more variable than the one we obtain. The dierene between the
two is smaller when the density prole inreases with radius, and the emission
along the line of sight inreases with time (ompared to the power law deay).
In this ase, the observed ux is dominated by emission from large radii, near
the line of sight (with a relatively small ontribution from large angles, for
whih the emission took plae at smaller radii, where the external density was
relatively low) and the angular smoothing eet is less important. However,
when the density drops, the angular eet beomes important. Panaitesu &
Kumar (2000) have shown that even a sharp drop in the density produes only
a gradual temporal deay in the observed light urve, and that the angular
smoothing ditates a maximal power law index of the temporal deay at late
times.
The observed R-band light urve of GRB 021004 shows variations on time
sales of ∆t/t ≈ 1 < tang/tlos ∼ 4, therefore the angular smoothing eet
is not negligible. This eet an be seen by omparing our density prole to
the density prole obtained by Lazzati et al. 2002 (their Fig. 1), whih take
the angular smoothing eet into aount. The main dierene between the
proles is in the sharp density drop after the rst density bump (the density
in the prole of Lazzati et al. drops to one order of magnitude below the initial
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density, while our prole drops bak to the initial density). This sharp drop
is required, when the angular smoothing is onsidered, in order to obtain the
steep temporal deay in the light urve after the rst bump (t ≈ 104 se).
This last result is obtained under the assumption of a full spherial symme-
try. However, it is more likely that the overdense regions are onentrated in
lumps and not in spherial shells (see setion 3.1 and Lazzati et al. 2002).
The radial size of the rst lump is ∼ 1016 cm ∼ Ri/γi, where Ri and γi are
the radius and Lorentz fator of the blast-wave when it rst interats with
the lump. If we assume that the lump is spherial then its angular size is
∼ 1/γi and at the beginning of the rst bump (t ≈ 10
3
se) it lls most
of the observed region (the region within an angle of 1/γ around the line of
sight). As the dominant emission is from the hot lump, the angular time
remains onstant, R/4γ2i , while tlos grows. Therefore, the angular smoothing
eet beomes less and less important, and the approximation whih neglets
this eet holds better than for a spherially symmetri external density pro-
le. Therefore, in this senario, our method yields a good approximation for
the atual density prole at radius R, averaged over an angle of ∼ 1/γ around
the line of sight.
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